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In physics, the Schrddinger equation, proposed by the Austrian physicist Erwin
Schrédinger in 1926, describes the space- and time-dependence of quantum mechanical
systems. It is of central importance in non-relativistic quantum mechanics, playing arole
for microscopic particles analogous to Newton's second law in classical mechanics for
macroscopic particles. Microscopic particles include el ementary particles, such as
electrons, as well as systems of particles, such as atomic nuclei. Macroscopic particles vary
in mass from cells to the galactic superclusters.
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Historical background and development

Schrédinger's equation follows very naturally from earlier developments:
In 1905, by considering the photoelectric effect, Albert Einstein had published his
E =hf

formulafor the relation between the energy E and frequency f of the quanta of radiation
(photons), where h is Planck’s constant.

In 1924 Louis de Broglie presented his de Broglie hypothesis which states that all particles
(not just photons) have an associated wavefunction ' with properties:

p = h/ A where ) isthe wavelength of the wave and p the momentum of the
particle.

De Broglie showed that this was consistent with Einstein's formula and special relativity so
that

E =hf

still holds, but now thisis hypothesized to hold for all particles, not just photons anymore.
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Introduction to...
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Fundamental concepts

Decoherence - Interference
Uncertainty - Exclusion
Transformation theory
Ehrenfest theorem - Measurement
Superposition - Entanglement

Experiments

Double-dlit experiment
Davisson-Germer experiment
Stern—Gerlach experiment
Bell'sinequality experiment
Popper's experiment
Schrédinger's cat

Equations

Schrédinger equation
Pauli equation
Klein-Gordon equation
Dirac equation

Advanced theories

Quantum field theory
Wightman axioms
Quantum electrodynamics
Quantum chromodynamics
Quantum gravity
Feynman diagram

Interpretations

Copenhagen - Ensemble
Hidden variables - Transactional
Many-worlds - Consistent histories
Quantum logic
Consciousness causes collapse

Sientists

Planck - Schrodinger
Heisenberg - Bohr - Pauli
Dirac - Bohm - Born
de Broglie - von Neumann
Einstein - Feynman
Everett - Others

Expressed in terms of angular frequency w = 27 f and wavenumber k = 27 /A, with i = h/27 we get:

E=hw

and
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p = hk

where we have expressed p and k as vectors.

Schrodinger's great insight, late in 1925, was to express the phase of a plane wave as a complex phase factor:
V¥ ~expli(k-x —wt))

and to reslize that since
o .
au; = —wY

then

Ev = hwy = 3ﬁ§tu;

and similarly since:

[

8—3:1;'} =tk

then

Pat = hkpp = —1 t‘iu

and hence:
o
2 2 ;
Pz = —h 3?7.”
so that, again for a plane wave, he got:

| G 32 |
P’y =(p2 +py + P = —?12( &yz )w o VALY

And by inserting these expressions into the Newtonian formula for a particle with total energy E, mass m, moving in a potential
V:

2

E = P + V" (smply the sum of the kinetic energy and potential energy; the plane wave model assumed V = 0)

2m

he got his famed equation for asingle particle in the 3-dimensional case in the presence of a potential:

&

d h?
At = —— V2 + Vi
"ot va vrve

Using this equation, Schrodinger computed the spectral lines for hydrogen by treating a hydrogen atom's single negatively
charged electron as awave, 1, moving in a potential well, V, created by the positively charged proton. This computation tallied
with experiment, the Bohr model and also the results of Werner Heisenberg's matrix mechanics - but without having to introduce
Heisenberg's concept of hon-commuting observables. Schrédinger published his wave equation and the spectral analysis of
hydrogen in a series of four papersin 1926.

The Schrédinger equation defines the behaviour of 42, but does not interpret what 7 is. Schrodinger tried unsuccessfully to
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interpret it as a charge density. In 1926 Max Born, just afew days after Schrodinger fourth and final paper was published,
successfully interpreted t as a probability amplitude, although Schrodinger was never reconciled to this statistical or
probabilistic approach.

M athematical formulation

In the mathematical formulation of quantum mechanics, a physical system is associated with
d acomplex Hilbert space such that each instantaneous state of the system is described by a
HO )y =ih— Iy ray (aone-dimensional subspace) in that space. The nonzero elements of a Hilbert space are
dt by definition normalizable and it is convenient, although not necessary, to represent a state
by an element of the ray which is normalized to unity. This vector is often somewhat loosely
referred to as wave function, although in a more rigorous formulation of quantum mechanics
awave function is a specia case of a state vector. (In fact, awave function is a state in the position representation, see below). A
state vector encodes the probabilities for the outcomes of all possible measurements applied to the system. It contains all
information of the system that is knowable in a quantum mechanical sense. Asthe state of a system generally changes over time,
the state vector is afunction of time. The Schrédinger equation provides a quantitative description of the rate of change of the
state vector.

In Dirac's bra-ket notation at time t the state is given by the ket |1(1) ). The time-dependent Schrédinger equation, giving the
time evolution of the ket, is:

H(D) 6 (0) = ihe 16 0)

wherei istheimaginary unit, tistime, d/ dt is the derivative with respect to t, fi is the reduced Planck's constant (Planck's
constant divided by 27), ui-'( t) is the time dependent state vector, and H(t) is the Hamiltonian (a self-adjoint operator acting on
the state space). If one assumes a certain representation for ¢, for instance position or momentum representation, the state vector
is assumed to depend on more variables than time alone, and the time derivative must be replaced by the partial derivative

B/ ot.

The Hamiltonian describes the total energy of the system. Aswith the force occurring in Newton's second law, its form is not
provided by the Schrédinger equation, but must be independently determined from the physical properties of the system.

Time-independent Schrédinger equation

For many real-world problems the energy operator (H), does not depend on time. Then it can be shown that the time-dependent

%r:ﬁddi ngﬁr@equation simplifies (1] to the time-i ndependent Schrodinger equation, which has the well-known appearance

An example of asimple one-dimensional time-independent Schrodinger equation for a particle of mass m, moving in a potential
U(x) is: [1]

R dy(x)

C2m  dx?

FU(z)i(x) = Ey(z).

The analogous 3-dimensional time-independent equationis, [2]:

g+ U0 ) = Bu)

ﬁ_
—— V% 4+ (U—-En =0,

2m

where ¥/ isthe del operator.
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For every time-independent Hamiltonian, H, there exists a set of quantum states, |L"n} , known as ener gy eigenstates, and
corresponding real numbers E, satisfying the eigenvalue equation,

H |tvin} = En |tvin} .

Such a state possesses a definite total energy, whose value E | is the eigenvalue of the Hamiltonian. The corresponding
eigenvector 4, is normalizable to unity. This eigenvalue equation is referred to as the time-independent Schrédinger
equation. We purposely left out the variable(s) on which the wavefunction /,, depends. In the first example above it depends on
the single variable x and in the second on x, y, and z—the components of the vector r. In both cases the Schrédinger equation has
the same appearance, but its Hamilton operator is defined on different function (state, Hilbert) spaces. In the first example the
function space consists of functions of one variable and in the second example the function space consists of functions of three
variables.

Self-adjoint operators, such as the Hamiltonian, have the property that their eigenvalues are always real numbers, as we would
expect, since the energy is a physically observable quantity. Sometimes more than one linearly independent state vector
corresponds to the same energy E, . If the maximum number of linearly independent eigenvectors corresponding to E,, equalsk,
we say that the energy level E, isk-fold degenerate. When k=1 the energy level is called non-degenerate.

On inserting a solution of the time-independent Schrédinger equation into the full Schrédinger equation, we get

m% U (£)) = By [t (£)) .

Itisrelatively easy to solve this equation. One finds that the energy eigenstates (i.e., solutions of the time-independent
Schrédinger equation) change as a function of time only trivially, namely, only by a complex phase:

[9(1) = oy (0)) .

It immediately follows that the probability amplitude,

P(t)e(t) = e F Ry (0) 9 (0) = [¢(0)

is time-independent. Because of asimilar cancellation of phase factorsin braand ket, all average (expectation) values of time-
independent observables (physical quantities) computed from /() are time-independent.

Energy eigenstates are convenient to work with because they form a complete set of states. That is, the eigenvectors {|n2) }
form abasis for the state space. We introduced here the short-hand notation | n } = 1/%,. Then any state vector that is asolution
of the time-dependent Schrodinger equation (with atime-independent H) |L" (fj) can be written as alinear superposition of
energy eigenstates:

[ () =Y ea(t)n) , Hn)=E.|n) , Y lea(t)*=1.

(The last equation enforces the requirement that |L" (fj} , like all state vectors, may be normalized to a unit vector.) Applying
the Hamiltonian operator to each side of the first equation, the time-dependent Schrédinger equation in the left-hand side and
using the fact that the energy basis vectors are by definition linearly independent, we readily obtain

oc, _

Ty

Encn ().

Therefore, if we know the decomposition of |2 (1)) into the energy basisat timet = 0, its value at any subsequent time is
given simply by
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|2 (1)) = Z e ExtRe (0) |n).

Note that when some values ¢, | D) are not equal to zero for differing energy values £, the left-hand side is not an eigenvector
of the energy operator H. The left-hand is an eigenvector when the only ¢, | D) -values not equal to zero belong the same energy,

so that C_iE“W h can be factored out. In many real-world application thisis the case and the state vector i,.",'-'lit) (containing time
only inits phase factor) is then a solution of the time-independent Schrédinger equation.

Example
Let| 1} and| 2 ) be degenerate eigenstates of the time-independent Hamiltonian /1
H|1y=FE|1} and H|2)= FE|2).

Suppose a solution /() of the full (time-dependent) Schrédinger equation of Ff hastheformat t = 0:

19(0)) = &l 1) + e

Hence, because of the discussion above, att> 0:

2).

|6(2)) = e 1) 4o B0y | 2) = U (e[ 1) + 0] 2)) = € P (0)),

which shows that 't,."ﬁ-'(i) only depends on timein atrivial way (through its phase), also in the case of degeneracy.
Apply now H:

H|p(t)) = e Bl E|1) + e B, B 2) = Ee 7 (1] 1) + ¢

2))
— B~ M(0)) = E|v().

Conclusion: The wavefunction ‘r,.'i-'( t) with the given initial condition (itsform at t = 0), remains a solution of the time-
independent Schrédinger equation Hy(t) = Ey(t) for all timest > 0.

Footnote

1. M Infact also aninitial condition must be used here. At time zero the wavefunction must be an eigenstate of H.
Schrddinger wave equation
The state space of certain quantum systems can be spanned with a position basis. In this situation, the Schrédinger equation may

be conveniently reformulated as a partial differential equation for awavefunction, a complex scalar field that depends on
position aswell astime. This form of the Schrodinger equation isreferred to as the Schr ddinger wave equation.

Elements of the position basis are called position eigenstates. We will consider only a single-particle system, for which each
position eigenstate may be denoted by |r) , Where the label T isareal vector. Thisisto be interpreted as a state in which the
particle is localized at position . In this case, the state space is the space of all square-integrable complex functions.

The wave function
We define the wave function as the projection of the state vector |7 (£)) onto the position basis:
2 (r,t) = (r|(t) .

Since the position eigenstates form a basis for the state space, the integral over all projection operatorsis the identity operator:
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j|r) (r|d’r =1

This statement is called the resolution of the identity. With this, and the fact that kets have unit norm, we can show that

(L (t)|(t)) = (b (1) (/| {r| d’r )|L (1))

() |r) (x]2 (2)) dr

I
n____;-_._‘_.

r,t)" 2 (r,t) dr

where ¢! l:r, t) * denotes the complex conjugate of 7/’ (I‘, t). Thisimportant result tells us that the absolute square of the wave
function, integrated over all space, must be equal to 1:

j o (x, 1) dr = 1.

We can thus interpret the absolute square of the wave function as the probability density for the particle to be found at each point
in space. In other words, |g;- (r, ﬂ| 2 d’r isthe probability, at timet, of finding the particle in the infinitesimal region of
volume *y surrounding the position t.

We have previously shown that energy eigenstates vary only by a complex phase as time progresses. Therefore, the absolute
sguare of their wave functions do not change with time. Energy eigenstates thus correspond to static probability distributions.

Operatorsin the position basis
Any operator A acting on the wave function is defined in the position basis by
A (r,t) = (Al (1) .

The operators A on the two sides of the equation are different things: the one on the right acts on kets, whereas the one on the | eft
actson scalar fields. It is common to use the same symbols to denote operators acting on kets and their projections onto a basis.
Usually, the kind of operator to which oneisreferring is apparent from the context, but thisis a possible source of confusion.

Using the position-basis notation, the Schrédinger equation can be written as

0
Hi (r,t) = iﬁgt" (r,t).

Thisform of the Schrédinger equation is the Schr édinger wave equation. It may appear that thisis an ordinary differential
equation, but in fact the Hamiltonian operator typically includes partial derivatives with respect to the position variable I. This
usually leaves us with adifficult linear partial differential equation to solve.

Non-relativistic Schrodinger wave equation

In non-relativistic quantum mechanics, the Hamiltonian of a particle can be expressed as the sum of two operators, one
corresponding to kinetic energy and the other to potential energy. The Hamiltonian of a particle with no electric charge and no
spininthiscaseis:

Hio(r,t) = (T +V) 2 (1,t) = l—%vg +V (r)] ¢ (e, 1) = ih2

5; (It)

where
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2

T = ——isthekinetic energy operator,
2m

misthe mass of the particle,

p = —iAV isthe momentum operator,

V' = V (r) isthe potential energy operator,
Visarea scalar function of the position operator I,
Y isthe gradient operator, and

v72 isthe Laplace operator.

Thisis acommonly encountered form of the Schrédinger wave equation, though not the most general one. The corresponding
time-independent equation is

K

ﬁg a
——V —I—V(r)] i (r) = Ei (r)
2m

The relativistic generalizations of this wave equation are the Dirac equation, Klein-Gordon equation, Proca equation, Maxwell
eguations etc, depending on spin and mass of the particle. See relativistic wave equations for details.

Probability currents

In order to describe how probability density changes with time, it is acceptable to define probability current or probability flux.
The probability flux represents aflowing of probability across space.

For example, consider a Gaussian probability curve centered around X, with X, moving at speed v to the right. One may say that
the probability is flowing toward right, i.e., thereis a probability flux directed to the right.

The probability flux j is defined as:

. R 1, . . R
‘] —_ . — (t‘u*vtu — u.-vt‘;;*) — _Im (u&*V‘q_{e)
m 2i m
and measured in units of (probability)/(area x time) = r 2t 1.
The probability flux satisfies a quantum continuity equation, i.e.:
d
—P(r.t i =
5l (@) +V-j=0

where P (x, t) isthe probability density and measured in units of (probability)/(volume) = r~3. This equation is the
mathematical equivalent of probability conservation law.

Itis easy to show that for a plane wave,
w(xt) = Adkxg ~iot
the probability flux is given by
kR
J(z,t) = AP —.
m

Solutions of the Schrédinger equation

Analytical solutions of the time-independent Schrédinger equation can be obtained for avariety of relatively simple conditions.
These solutions provide insight into the nature of quantum phenomena and sometimes provide a reasonable approximation of the
behavior of more complex systems (e.g., in statistical mechanics, molecular vibrations are often approximated as harmonic
oscillators). Several of the more common analytical solutions can be found in the list of quantum mechanical systemswith
analytical solutions.
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For many systems, however, thereis no analytic solution to the Schrddinger equation. In these cases, one must resort to

approximate solutions. Some of the common techniques are:

= Perturbation theory

= Thevariational principle underpins many approximate methods (like the popular Hartree-Fock method which is the basis

of the post Hartree-Fock methods)
Quantum Monte Carlo methods
Density functional theory

The WKB approximation

discrete delta-potential method

Seealso

Theoretical and experimental justification for the Schrodinger equation
Schrédinger picture
Basic quantum mechanics
Quantum number
= Principal quantum number
= Angular momentum quantum number
= Magnetic quantum number
= Spin quantum number
Dirac equation
Schrodinger's cat
Schrodinger field
Klein-Gordon equation
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